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TOWARD A CLASSIFICATION OF FINITE QUANDLES 


GEOFF EHRMAN, ATA GURPINAR 
MATTHEW THIBAULT, DAVID YETTER 


Abstract: This paper summarizes substantive new results derived by a stu¬ 
dent team (the first three authors) under the direction of the fourth author 
at the 2005 session of the KSU REU “Brainstorming and Barnstorming". 
The main results are a deeomposition theorem for quandles in terms of an 
operation of ‘semidisjoint union’ showing that all finite quandles eanoni- 
cally deeompose via iterated semidisjoint unions into connected subquandles, 
and a strueture theorem for finite eonneeted quandles with preseribe inner 
automorphism group. The latter theorem suggests a new approach to the 
elassifieation of finite eonneeted quandles. 

1. Introduction 

Quandles were introduced by Joyce i! 0 as an algebraic invariant 
of classical knots and links. 

Definition 1.1. 0 0 A quandle {Q, >) is a set Q equipped with an 
binary operation > such that the following conditions hold: 

• every element in the set is idempotent with respect to >: Vx G 
Q, X \> X = X 

• > is invertible as a right-acting operator: Va, b ^ Q, 3\y G Q : 
y t> a = b 

• > is right-distributive over itself: Va, 6, c G Qfia \> b) \> c = 
(a > c) > (fe > c) 

When the operation is clear from context, we will denote the quandle 
by its underlying set. 

The second axiom is equivalent to the existence of a second operation 
for which \>~^y is the inverse to t>y for all y E Q. 

Quandles may be regarded as an abstraction from groups in as much 
as many important examples arise as conjugation invariant subsets of 
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groups with the operation t>y given by right conjugation by y. (In¬ 
deed it is a theorem of Joyce |3] that free quandles are isomorphic 
to disjoint unions of conjugacy classes in groups, and thus that the 
equational theory of quandles is ‘the equational theory of groups under 
conjugation’.) 

The knot quandle la 0, though it admits a homotopy theoretic 
dehnition, can be described most simply by generators and relations: 
modify the Wirtinger presentation of the knot group by replacing right 
conjugation with > and left conjugation with 

Finite quandles, in particular, are of some interest, since they give 
rise both to ‘counting invariants’, of classical knots and link, which gen¬ 
eralize Tail’s notion of three-coloring a knot, to ‘’counting invariants’ 
of monodromy situations (cf. [7j), and form the basis for more rehned 
topological invariants derived from quandle cohomology (cf. PI 121) • 
The present work is intended as a contribution to the problem of 
classifying hnite quandles. 

2. Notation, Examples, and Basic Concepts 

Definition 2.1. A quandle homomorphism, given {Q, >) and {Q', >'), 
is a mapping p : Q ^ Q' such that Wx, y & Q, {x \> y)p = {x)p >' {y)p- 
Note, for the sake of agreement with the action of elements of a quan¬ 
dle on the quandle itself, which is written as a right action by quandle 
homomorphisms, we write quandle homomorphisms to the right of their 
arguments. 

Example 2.2. n is the trivial quandle of order n. Given \Q\ = n,n := 
{Q, >) where Vx, y & Q, x > y = x. 

Example 2.3. The Tait quandle (T3, >) is the quandle with underlying 
set {a, b, c} and operation 


> 

a 

b 

c 

a 

a 

c 

b 

b 

c 

b 

a 

c 

b 

a 
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This quandle is so named because Tail’s notion of three-coloring a 
knot is equivalent to the existence of a non-trivial quandle homomor¬ 
phism from the knot quandle (cf. Joyce jl]) to T 3 . 

Definition 2.4. Quandles {Q, >) and {Q', >') are isomorphic when 
there exists a bijective quandle homomorphism p (the isomorphism 
from Q to Q'. We denote the existence of such an isomorphism by 

(Q,>) = (g',>')- 
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Definition 2.5. The automorphism group oi a quandle {Q, >), denoted 
Aut{Q), is the group of all isomorphisms p : Q ^ Q. The elements of 
Aut{Q) act on those of Q by right action. 

Definition 2.6. The inner automorphism group of a quandle (Q, >), 
denoted Inn{Q), is the subgroup of Aut{Q) generated by all where 
Vx,?/e Q.S^iy) ■.= y>x. 

Definition 2.7. The orbit of s G Q is the subset of elements t & Q 
such that there exists some p G Inn{Q) where p maps s to t. 

Definition 2.8. A quandle (Q, >) is (algebraically) connected when 
there exists exactly one orbit in Q-that is, Vx G Q, the orbit of x is all 
of Q. 

Definition 2.9. Given a set Q and a group G with a right action by 
quandle homomorphisms on Q, an augmentation map is a map | ■ | : 
Q ^ G such that the following hold: 

• Vg G Q,q\q\ = q 

• Vg G Q,ge G, \qg\ = g-^\q\g 

Definition 2.10. The universal augmentation group of the quandle 
Q, denoted, Tq, is the group freely generated by all formal augmenta¬ 
tions |x| of the elements x E Q modulo relations Vx, y G Q,\x > y\ = 

\y\~^\A\y\- 

Joyce ^ showed that the inclusion of generators into Tq is the uni¬ 
versal augmentation of Q in the sense that the quandle operation in¬ 
duces an action of Tq on Q by quandle homomorphisms such that 
the inclusion of generators is an augmentation, and given any other 
augmentation {■) : Q ^ G, there is a unique group homomorphism 
c : Tq ^ Gsuchthat Vg G Q,c{\q\) = (g) andVg G G TQ,qc{g) = 

qy- 


3. Semidisjoint Union of Quandles 

Let {Qi, >i), (Q2, > 2 ), ■ ■ •! {Qn, On) be quandles. For each quandle 
{Qi, Oj), we have the universal augmentation map | ■ | from it to Tq.. 
In particular, for all x,y E Qi^ x\y\ := x y. Note that this is an 
augmentation map since Vx G Qi,x\x\ = x \>i x = x and, given some 
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\xg\ = = l(- • • (x vi) 2/2) •• • yk)\ 

= • • • |2/irVll?/il^^ • • • \yk\^^ 

= 9~^\x\9. 

Now, observe that the orbits of Inn{Q) are subquandles of any quan- 
dle Q, and that if Q has orbits Qi, ■ ■ ■ ,Qn, the augmentation of Q 
in Inn{Q) induces an augmentation of each Qi in Inn{Q), and thus 
a group homomorphism from to Inn{Q). These, in turn induce 
group homomorphisms from Fq. to Aut{Qj) for each j (with the ho¬ 
momorphism from Fq^ to Aut{Qi) being that induced by the universal 
property of FqJ. Notice, for i 7 ^ j, these do not necessarily factor 
through the subgroup Inn{Qj). 

This observation suggests the following construction; 

For 1 < < n, let gt^j be a group homomorphism from Fq^ to 

Aut{Qj), such that Qi^i is the canonical group homomorphism from Fq. 
to Aut{Qi). Let G be the n x n matrix of group homomorphisms with 
entries gij. Dehne the operation 

n 

#(Ql) Q2, • • • Qn, G) := Qi, [>) 

i=l 

where x > y := xgij{\y\) if a; G Qj,y G Qi. We have the following 
theorem. 

Theorem 3.1. Let (Q, >) be a quandle. Then if it is not eonnected, 
{Q, >) may be expressed uniquely as ff{Qi, Q2, • • •, Qn, G) for some G, 
where {Qi, >*) are quandles, Qi are the orbits of the aetion of the inner 
automorphism group of Q on Q, and >i is the operation \> restrieted 
to Qi X Qi- 

Proof. Suppose {Q, >) is not connected. Since orbits of elements in 
Q are the equivalence classes of an equivalence relation, Q is uniquely 
expressed as a disjoint union of orbits in Q under the group action of 
Inn{Q), say Q = \Xi=iQi- Since each Qi is an orbit, we have that 
Qi> Q = Qi- Dehne := >\QixQi (> restricted to Qi x Qi). Then 
for each i = l...n, {Qi,>i) is a quandle. (>* inherits the quandle 
structure of >, so all that is still required to show that {Qi, >j) to be 
a quandle is closure.) 

Now we dehne the entries of matrix G, gij. For Qi, we have the aug¬ 
mentation map I ■ Iq. from Qi to Fq.. For each x E Qi, let gij{\x\Qj : = 
(fl, a right-action, where : Qj Qj and y(j)i, = y\>xioi each y E Qj. 
Extend the map g so that 5 ' is a homomorphism from Fq. to Aut{Qj). 
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(For \Xl\Q^,\x 2 \Q^, ... ,\Xn\Qi G Fq^, let gij{\xi\^^\x 2 \^^.. .\Xn\^^) = 

[9i,j{\Xl\)]^^[9i,j{\x2\)]^^ ■ . . [gi,j{\Xn\)]^^-) 

We must now check that gij is well-dehned. gi,j{\x > ?/|) is de- 
hned both as (pi^y and gij{\y\-^\x\\y\) = [gi,ji\y\)]~^gi,ji\x\)gij{\y\) = 
Choose arbitrary z e Qj. Then = (z > i/) > (x > 

y) = {z > x) > y = zcp^^cp^y. Since z G Qj was arbitrary, we see that 
4>i(l^i\>y¥x(Hj^ i-e- (pit>y = Hence gij is well-dehned. 

For all y,z e Qj, {y > 2:)((4 = {y > z) > x = {y [> x) \> {z > x) = 
{y4>i) l> Also since Q is a quandle, we see that for each q G Qj 

and y E Qi, there exists a unique element, q y E Qj, such that 

(g y)9i,j{\y\) = Q- Thus the image of gij is in Aut{Qj). 

So Q = #(Qi, Q 2 , • • •, Qri) G) by construction. 

Now we show that this decomposition is unique. Earlier, we showed 
that each Qi is uniquely determined. Since Q = ip{Qi, Q2, • • •, Qn, G), 
we see that for each x,y E Qi, x >i y must equal x > y. Thus 
is uniquely determined as well. Hence each subquandle (Qj, >j) is 
uniquely determined. For each y E Qi and x E Qj, we have that 
x>y = xgij{\y\QP). Thus giqUylgP) is uniquely determined for each y E 
Qi. (An automorphism is determined by where it takes each element 
of its domain to.) Since gij is a homomorphism on Fq., and Fq. is 
generated by the elements |g|Q. where q E Qi, we have that gij is 
uniquely determined on Fq.. Hence this decomposition is unique up to 
re-ordering. □ 

Now, unlike more familiar decomposition or factorization theorems, 
while this decomposition is unique, it does not decompose the quandle 
into indecomposable pieces, since, while they are single orbits under 
Inn{Q), the Qi may not be single orbits under their own groups of 
inner automorphisms. Nonetheless, iterating the construction of the 
previous theorem, every quandle can be iteratively decomposed into 
connected quandles. The uniqueness result of the previous theorem 
then gives the uniqueness of the iterative decomposition. 

Of course, an arbitrary matrix G of group homomorphisms gij : 
Fq. —>• Aut{Qj) need not give rise to a quandle. We now give necessary 
and sufficient for #(Qi, Q 2 , ■ ■ ■ Qn, G) to be a quandle: 

Theorem 3.2. ^ Let [Qi, >j) be quandles for i = 1.. .n, and let g^j 
be homomorphisms from Fq. to Aut{Qj) for 1 < i, j < n, with gij the 

^Shortly after the conclusion of the KSU REU, Nelson and Wong announced 
the independent discovery of a decomposition theorem equivalent to this theorem 
and the preceding, when viewed as a decomposition theorem, rather than a con¬ 
struction. In their result, the extra structure is expressed in terms of compatible 
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canonical homomorphism from Tq^ to Aut{Qi) . Then 

Q 2 , ■ ■ ■ Qn, G) := {Q, >) is a quandle if and only if for all i,j, k 
distinct, I < i, j, k < n, the following conditions hold: 

( 1 ) {xgj^i{\y\Q.)) >iZ = {x z)gj^i{\ygij{\z\Q^)\Q.) 

( 2 ) {xgj^i{\y\Qj))gkA\z\Q^) = ix9kA\^\Qk))09jA\y9k,j{\z\QA\QA 

Proof. Clearly Q is closed under the operation [>. Since Qi, Q 2 , ■ ■ - Qn 
are quandles, we see that a; [> a: = x for all a; G Q- Let y,z E Q he 
arbitrary. U y,z E Qi for some i, then we see that {z [>“^ y) > y = z. 
Alternatively, suppose y E Qi, z E Qj for some i A 3- Then since 
9ig{\y\Qi) is an automorphism from Qj to Qj, there exists a unique 
X E Qj such that xgij{\y\Q^) = z. Thus Q is a quandle if and only 
if the third property holds: {x > y) \> z = [x > z) \> {y > z) for all 
x,y, z E Q. If x,y,z E Qi for some Qi, this is given. Thus we have 4 
cases: 

(1) x,y EQi, z E Qj 

(2) X, z E Qi, y E Qj 

(3) y,z E Qi, X E Qj 

(4) X E Qi, y E Qj, z E Qk‘ 

Case 1: {x t> y) > z = {x >i y)gjA\z\QA- 

{x \> z) > {y \> z) = {xgjA\z\Qj)) >i {y9jA\^\Qj))- But these coincide 
since gjAlA) is an automorphism of Qi. 

Case 2: {x t> y) > z = {xgjA\y\Qj)) >i z. 

{x> z) > {y > z) = (x >i z)gjA\y9iA\^\Qi)\Qj)- Thus for all i A 3, 
l<i,j <n. 


i^gjAlyh)) >iz = {x >i z)gjA\y9i,A\^\QA\Qj), 


which is condition (1). 


rack actions, rather than compatible group homomorphisms from universal aug¬ 
mentation groups to automorphism groups. 
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Case 3: {x > y) > z = {xgij{\y\Q.))gij{\z\Qj. 

{x>z)>{y>z) = {xgij{\z\Qj)gij{\y z\qJ 

= x9iA\z\Qi\y >i z\q,) 

since gij is a group homomorphism. 

= m,ji\z\QMQ]\y\QMQ,) 

since | ■ |q. is an augmentation. 

= xgij{\y\Q^\z\Qj 
= A9i,ji\y\Qi))9i,j{\z\Qi). 

Thus in this case, {x > y) > z = {x > z) > {y > z). 

Case 4: {x > y) > z = {xgjA\y\Qi))9kA\z\Qk)- 

{xt> z)>{y> z) = {xgk,i{\z\Qj)9jA\y9k,j{\z\QAQj)- Thus for alH, j, A; 
distinct, 1 < ^,i, A; < n, 

x9jA\y\Qj))9kA\z\QA = AgkA\z\QA)9jA\y9kAAQk)\Qj)^ 

which is condition (2). 


Therefore the given conditions are necessary and sufficient for [Q, >) 
to be a quandle. □ 

In principle, at least, this result reduces the classification problem to 
the classification problem for connected quandles. To generate every 
quandle, we iteratively specify which quandles to compose, and use the 
conditions above to determine all matrices G for which the composition 
is a quandle. 

The previous theorem also provides a means of constructing new 
quandles from old: 

Definition 3.3. A mesh for a sequence of quandles Qi,... ,Qn is a 
matrix G of group homomorphism gij : Tq. — Aut{Qj) satisfying the 
conditions of Theorem EH 

Notice that the matrix whose off-diagonal entries are each the ap¬ 
propriate trivial group homomorphism, with diagonal entries given by 
the canonical homomorphisms is always a mesh. 

Finally we name the construction described above: 

Definition 3.4. Given a finite sequence of quandles Qi,... ,Qn and 
a mesh G, the quandle #(Qi, ... ,Qn,G) is the semidisjoint union of 
Qi,... ,Qn with respect to G. 
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For G the mesh with trivial off-diagonal entries, #(Qi,..., Qn, G) is 
the disjoint union of Qi,, Qn. 

A hnal note before turning to connected quandles: the disjoint union 
of quandles is not the coproduct in the category of quandles-the co¬ 
product is the quotient of the quandle freely generated by the disjoint 
union by the congruence which enforces all equations holding in the 
individual quandles. 


4. On the Classification of Connected Quandles 

Here we investigate conditions on a group for it to arise as the group 
of inner automorphisms of a connected quandle, and derive a structure 
theorem relating connected quandles and their groups of inner auto¬ 
morphisms. In this section, we denote Inn{Q) by G, where Q is an 
connected quandle. Note that this G is not related to the matrix of 
group homomorphisms in the previous section. 

The key to the structure theorem is the fact that connected quan¬ 
dles are single orbits of their inner automorphism groups, and thus by 
standard results can be identihed as G-sets with a homogeneous space 
of cosets. In particular 

Proposition 4.1. Let Q be an connected quandle on n elements. Then 
n divides the order of G, and, moreover, any choice of q E Q induces a 
G-equivariant bijection between Q and H\G, where H is the stablizer 

ofq- 

In the case of n prime, the converse of the hrst conclusion also holds: 

Theorem 4.2. Let Q be a quandle with p elements, where p is prime. 
Then Q connected p divides the order of G. 

Proof. (^) This follows immediately from the above lemma. 

(<^=) Suppose p divides |G|. Then |G| = p% for some positive integers 
a and b. By the 1st Sylow theorem, G has a subgroup of order 
Choose one such subgroup H. Hence every element in H has order 
which divides Since G and thus H is a subgroup of &p, every 
element of H has order which divides p\. Thus every element of H has 
order 1 or p. Choose an element of order p. An element of G C Gp 
which has order p must be of the form (ai 02 ... Op) where the a^s 
are the p distinct elements of quandle Q. In particular, Oj+i is in the 
orbit of Qi under the group action of G. Hence ai, 02 ,..., a„ are in the 
same orbit under the group action of G, i.e. G is connected. □ 
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By the Proposition, Q is in bijection with the right cosets H\G. 
Hence we may represent Q by {{Hgi, Hg 2 , Hg ^,..., Hgn}, >), where 
Hgi > Hgj = Hg^ if Qi > Qj = Qk- 

Assume Q has the representation {{Hgi, Hg 2 , Hg ^,..., Hg^}, >). We 
dehne an augmentation map, | ■ | : Q = H\G G, such that Hgi is 
mapped to g E G which takes x E Q to x > Hgi for i = 1,..., n. To 
distinguish between this augmentation and existing notation for the 
order of a group, consider \H\ to be the order of the subgroup H and 
\Hh\ to be the augmentation of H as a right-coset in H\G. Also denote 
the center of H as Z{H). 

Theorem 4.3. Let Q be an eonnected quandle on n elements. Let 
G = Inn{Q), H, gi, and \ ■ \ he defined as above. Then H E G d &n, 
= n, \Hh\ E Z{H), and G is generated by \Hh\, \Hg 2 \,..., iHgfi, 
where \Hgi\ = g~^\Hh\gi. 

Proof. By construction, H G G. G is contained in the group of bijective 
maps from the elements of Q to the elements of Q, so G E Since 
there are exactly n cosets of H in G, we see that = n. Also by 
dehnition, G = Inn{Q) is generated by \Hh\, \Hg 2 \,..., \Hgn\ E G. It 
remains to prove that \Hh\ E Z{H) and \Hgi\ = g~^\Hh\gi. 

Claim 4.4. For all g E G, \Hgig\ = g~^\Hgi\g. 

Proof. The RHS maps Hgjg to {Hgj t> Hgfig. The LHS maps Hgjg to 
Hgjg [> Hgig. But since g E Inn{Q), 

{Hgjt>Hgfig = {... {Hg, > Hgi) Hgkfi Hgk,)... >^^ HgkJ ...) 

= (... (Hg, Hgk,) Hgk,) ...>^^ HgkJ ...) 

>{... {Hgi Hgkfi Hgk,)... >^^ HgkJ ...) 

= Hgjg O Hgig. 


Hence the LHS and the RHS coincide. □ 

Choosing g to be the identity element in G, we see that \Hgi\ = 
g~^\Hh\gi. Taking i = 1 and g E H arbitrary, we see that \Hh\ = 
\Hg\ = \Hgig\ = g~^\Hgi\g = g~^\Hh\g. Hence \Hh\ commutes with 
any element in H. Since H = Hqi = HqLHqA = H\Hh\, we see that 
\Hh\ E H. Hence \Hh\ E Z{H). □ 

Theorem 4.5. Suppose that for groups G and H, we have that H E 
G E &n, Let gi, g 2 ,..., gn be coset representatives of H 

in G. Suppose also that G is generated by gf^\Hh\gi, gf^\Hh\g 2 , 
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g^^\Hh\g 3 , g~^\Hh\gn for some \Hh\ e Z{H). Then Hgit> Hgj = 
Hgig~^\Hh\gj defines an connected quandle with n elements. 

Proof. Note that if Hgj = Hg^ then g~^\Hh\gj = {hgj)~^\Hh\{hgj) = 
{gj)~^h~^\Hh\hgj for some h e H. But since \Hh\ G Z{H), this is 
equal to {gj)~^\Hh\gj. Hence the staitment that G is generated by 
9 f^\Hh\, gf^\Hh\g 2 , gf^\Hh\g 3 , ..., g-^\Hh\gn for some \Hh\ G Z{H) 
makes sense, and also Hgi\> Hgj is well-dehned. We now check to see 
if this dehnes a quandle. Hgi\>Hgi = Hgig~^\Hh\gi = H\Hh\gi = Hgi 
since \Hh\ G Z{H). Now for j, k arbitrary, Hgit> Hgj = Hg^ implies 
that Hgi = Hgkg~^\Hh\~^gj. Note that such an i exists and is unique. 
Finally, we have that {Hgi > Hgk) > {Hgj > Hg^) = {Hgigfi^\Hh\gk) > 
{Hg,g^^\Hh\gk). 

Let Hgjg^^\Hh\gk = Hg^ for some m. Then gm = hgjgi.^\Hh\gk for 
some h ^ H. Hence 


{Hgi > Hgk) > {Hg^ > Hgk) = {Hgigi;^\Hh\gk) > Hgm 

= Hgigk^\Hh\gkg~^\Hh\gm 
= Hgigk^\Hh\gkgfi^\Hh\-^gkgJ^ 
h~^\Hh\hgjg~^\Hh\gk 
= Hgig-^h-^\Hh\hgjg~^\Hh\gk 
= Hgig~^\Hh\gjg^^\Hh\gk 
= {Hgi > Hgj) > Hgk. 


Since g^ ^\Hh\gi, g^ ^\Hh\g 2 , ^3 ^\Hh\g 3 , ..., gJ\Hh\gn generate G, 
we see that for all i,j, G G is generated by gf^\Hh\gi, gfi^\Hh\g 2 , 

gf^\Hh\g 3 , ..., g~^\Hh\gn. Hence for each i,j, there exist ki, k 2 ,... ,kn 
such that 


Hgj = Hgig. ^gj = (. . . {Hgi > Hgkfij > Hgkfij > ... > Hgk^, 

i.e. the quandle dehned by Hgi > Hgj = HgigJ^\Hh\gj is connected. 

□ 

The above theorems provide a program for constructing all hnite 
connected quandles more satisfactory than the brute force approach 
of 1^1: for each n, test the generation condition of Theorem 14.51 for 
all triples of a subgroup G of G„, a subgroup H (Z G, and a central 
element of H. 
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We conclude with a number of restrictions on groups that arise as 
inner automorphism groups of hnite quandles, which follow easily from 
Theorem lOl 

Corollary 4.6. For {Q, >) connected and n > 1, G is not abelian. 

Proof. We proceed by contradiction: suppose G were abelian. Then 
for all g eG, \Hg\ = \Hgig\ = g-^\Hgi\g = \Hgi\ = \Hh\. Since \Hgi\ 
hxes Hgi for i = 1 ,..., n, |i^h| must also hx Flgi for each i = 1,.. ., n. 
Hence \Hh\ is trivial, and thus \Hgi\ is trivial for all i. But, since the G 
is generated by the \Hgi\,G is trivial. Therefore (Q, >) is not connected 
unless n = 1, which contradicts the hypothesis that n > 1. Thus, the 
corollary holds. □ 

Corollary 4.7. For Q connected on n elements, G = ©„ implies that 
n = 1,3. 

Proof. Since = n, then \H\ = {n — 1)!. But H C ©n-i, so H = 
6 „_i. For n > 4, Z( 6 „_i) = 1, the trivial one-element group. Since 
\Hh\ G Z{H), \Hh\ must equal 1. But then \Hgi\ = 1 for all i, so G = 
1, a contradiction. Hence n < 3. For n = 2, H = 1 and G = &2 ^ 1, 
a contradiction as above. This gives the desired result. □ 

Corollary 4.8. For Q connected on n elements and n > 1, G = An 
implies that n = 4. 

Proof. Since = n, then \H\ = — 1)!. But H C &n-i and H C 

An, SO H = An- 1 . For n > 5, Z{An-i) = 1. Since \Hh\ E Z{H), \Hh\ 
must equal 1. But then \Hgi\ = 1 for all f, so G = 1, a contradiction. 
Hence n < 4. But, for n = 2,3, An of order 1 or is abelian. □ 

The results of this section suggest an approach to classifying hnite 
connected quandles which should be more computationally effective 
than the brute force approach of Ho and Nelson [3]: for a given order, 
determine (up to conjugacy) all towers of groups H d G EL &n for 
which the index of in G is n, and in which H has a non-trivial 
center. Central elements of FI can then be tested against the generating 
condition of Theorems 14.31 and 1131 
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